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1 Introduction 

In the present paper we prove the reconstuction theorem for the Moufang loops. We in part 
follow ideas presented in [3] and [2]. 



2 Moufang loops 

A Moufang loop [1] (see also [21 [B E]) is a set G with a binary operation (multiplication) 
■ : G x G —* G, denoted also by juxtaposition, so that the following three axioms are satisfied: 

1) in equation gh = k, the knowledge of any two of g, h, k € G specifies the third one uniquely, 

2) there is a distinguished element e £ G with the property eg = ge = g for all g € G, 
£S| . 3) the Moufang identity 

O; (gh)(kg) = g(hk)g 



holds in G. 



Recall that a set with a binary operation is called a groupoid. A groupoid G with axiom 1) is 
called a quasigroup. If axioms 1) and 2) are satisfied, the grupoid (quasigroup) G is called a 
loop. The element e in axiom 2) is called the unit (element) of the (Moufang) loop G. 

X' 

H 

3 Reconstruction Theorem 

Theorem 3.1 (reconstruction). Let G be a groupoid, % be a group with the unit element E € %, 
and (S, TP) be a triple of maps S,T,P : G — > % such that: 

1 ) for all g in G we have 

S g T g P 9 = E (3.1) 

2) for all g in G there exists ~g in G such that 

% ( =5 9 - 1 , T^ir- 1 (3.2) 

3) for all g,h in G relations 



Sgh PgShTg, Tgfr SgTfrPg, Pgfr TgPfrSg (^-3) 

Shg — TgShPg, T h g = PgT h Sg, Phg = SgPhTg (3.4) 



are satisafied in X, 



4) from S g = Sh and T g = it follows that g = h. 

Then G is a Moufang loop. The unit element of G is e = g~g = gg, which does not depend on 
the choice of g in G, and the inverse element of g is g" 1 = g. 

We prove this theorem step by step. In what follows, G denotes a groupoid. 

4 Construction of unit end inverse elements 

Proposition 4.1. We have g = g for all g in G. 
Proof. First calculate 



9 ~ a ~ ^ d) ~ V 9 ) ~ 9 
In the same way T= = T g . Finally use assumtion 4) of Theorem l3.1l to get the desired relation. □ 

Proposition 4.2. For all g in G we have 

S99 = T99 = P~99 = E (4.1) 
Proof. In (|3.1a -c) and (|3.2b — c) take h = g and use assumption 1) of Theorem 13. 11 □ 
Proposition 4.3. We have 

P w =P-\ VgeG (4.2) 

Proof. First calculate 

m m) qpr a q -i PT -i 

H, — fgg — Ogr-glg — O -Tglg 

from which it follows that 

Pg = SgTg (4.3) 

Now calculate 

p g p g = { T g 1 Sg 1 ){SgT g ) = E 

PgPg = {SgTg){T- 1 Sg 1 )=E 

which imply the desired relation. □ 
Proposition 4.4. We have 

SgTg = TgSg, Vj £ G (4.4) 

Proof. Calculate 



D 9 1 9 — r 9 ~ 1 g D g ~ 1 9 D 9 LJ 



Proposition 4.5. We have 



Proof. Calculate 



TgP g ®P a T g , PgSg ^ SgPg, V 9 £ G (4.5) 



T D rp rp—X q—1 rp—1 Q—lrp p rp 

± 9 r 9 ~ ± 9 ± g °g ~ ± g °g ± 9 ~ r 9 ± 9 

p q — p p—lrp—l _ p-lm-lp _ q p 1—1 

r 9 J 9 ~ r 9 r g ± g ~ r g 1 g r g ~ °9 r 9 LJ 
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Proposition 4.6. We have 

Sgg = T gg = P gg = E, VgtG (4.6) 

Proof. Calculate 



Sgg 




TgSgPg 


H3J Q rp p BID 

— a g 1 g r g ~ 


E 


T - 

± 39 


B) 


PgTgS g 


SM) q T p O 

~~ a g 1 g r g ~ 


>E 


P - 

r gg 


B) 


SgPgPg 


g3J>) EH 

~~ s g 1 g Jr ^g ~ 


E 



□ 

Proposition 4.7. We /iaue 

59 = VjGg (4.7) 

Proof. Use 

^SS — -C/ — lgg — £j — lgg 

with (El. □ 



Proposition 4.8. Element gg = gg of G does not depend on the choice of g in G. 
Proof. It is sufficient to show that gg~ = hh for all g, h in G. The latter easily follows from 

Sgg = E = S hh' S gg = E = S hh n 
Definition 4.9. The uniquely defined element gg = gg in g is denoted as e = gg~ = ~gg . 
Corollary 4.10. We have 

S e = T e = P e = E (4.8) 
Proposition 4.11. The element e in G has the property that e = e. 
Proof. Note that 

E = S e 1 = Se = S e 
E = T- 1 =Te = T e 

and use assumption 4) of Theorem 13.11 □ 
Theorem 4.12. We have 



eg = ge = g, Vg E G (4.9) 
Proof. First use (13. 3ft and (13. 4ft to see that 



Se g = PeS g T e = S g 
Peg — S e T g T e — Tg 
S g e — PeS g Pe — Sg 
Pge — PePgSe — Tg 



and use assumption 4) of Theorem 13.11 □ 

Definition 4.13 (unit and inverse element). We call e the unit element of G and g^ 1 = g the 

inverse element of g in G. 
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5 Properties of inverse elements 

Lemma 5.1. For given g,h in G, element g~ l h of G is a solution of equation gx = h, i.e 

g(g- l h) = h 

Proof. It is sufficient to check that 



Use (13.31) to calculate 



S 9(9~ 1 h) - S h, T g(g^h) = T h 



~~ Pg- 1 Sg- l hT g -^ — Pg-iPgShTgTg-i — Sh 

r Tg(g- 1 >i) = S g -iT g -i h P g -i = S g -iS g T h P g P g -i =T h □ 

Theorem 5.2. For given g,h in G equation gx = h has the unique solution that coincides with 
x = g~ 1 h. 

Proof. We already know from lemma [5TT1 that x = g~ 1 h is a solution of equation. = h. Let y 
be another solution, i.e gy = h. We show that y = g~ 1 h. We can see that 

Sh = S g y = P SyT g 
Th = Tgy = S X TyPg 1 

which imply 

= PgShTg = Sg-ifr 

= SgThPg = T g -l h 

It remains to use assumption 4) of Theorem 13.11 finish the proof. □ 

By repeating the above proof we get 
Theorem 5.3. For given g,h in G equation xg = h has the unique solution x = hg -1 . 
Corollary 5.4 ([2j Q]). Groupoid G is a an inverse property loop (IP-loop). 
Theorem 5.5. We have 

(gh)- 1 = h- 1 g-\ Wg,heG 
Proof. It is sufficient to check that 

S(gh)- 1 = Sh-tg- 1 , T(gh)- 1 = Th~ 1 g- 1 

Calculate 

S (gh)-1 = S g h = (Pg-lS h T g -l) 1 = TgS^Pg = TgSfr-lPg = 

The second relation can be checked analogously. □ 
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6 Flexibility and triple closure 

Theorem 6.1 (flexibility). We have 

gh ■ k = g ■ hk, Vg, h € G 
Proof. It is sufficient to check that 



S, 



gh-k 



S n . 



g-hki 



I gh-k 



g-hk 



Calculate 



Sgh-k = T g -iSghPh-i = Tg-iP g -iShT g -iP h -i 

Tgh-k = Pg-tTg h S h -l = Pg-lSg-lT h P g -lS h -l 
Sg-hk = Pg-lS h gT h -l = Pg-lT g -lS h Pg-lT h -l 



'-g-hk 



SgSfiSg 

TgT h Tg 

SgShSg 

Sg-lT h gP h -l = Sg-lPg-lT h Sg-lP h -l = TgTfrTg 



From proof of this Theorem follows 
Theorem 6.2 (triple closure). We have the triple closure relations: 

SgShSg = Sghk, TgT h Tg = Tg hk , PgP h Pg = Pg hk , V#, k € G 

7 Moufang identity 

Theorem 7.1 (Moufang identity). In G the Moufang identity is satisfied: 

{gh){kg) = g{hk)g, Vg, h,k GG 
Proof. It is sufficient to check that 



\gh)(kg) 



S. 



g(hk)g, 1 {gh){kg) 



L 9{hk)g 



Calculate 



S (gh)(kg) = P(gh)-iSkgT( gh )-i 
= Pgh SkgT gh 

= ( T g- lP ySg- 1 ) * ^kg 

= SgP h l PgSkgPgT h 1 S g 

= SgPfo Skn.n — lTf, S a 



g-lTyPg-1 



kg-g 



Sg P h l SkT h 1 S g 

SgShkSg 



s. 



g(hk)g 



Analogously, 



(gh){kg) 



S, 



(gh)-iTkgP(gh) 



~ SghTkgPgh 

= (Pg- 1 S y Tg- i y l T k g (Tg-.PySg-.y 1 

= T g$h l PgSkgS g P h l T g 



TgS^T, 



kg-g 



P~ T 

1 i, -La 



TgS^T k P-% 
TgShkTg 



g(hk)g 



Theorem 13.11 has been proved. 
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